
CSE-490 Assignment 4 - First-Order Logic

(100 points)

gla@postech

Due at 1:15pm class, Nov 15 (Wednesday)

In this assignment, you will practice with first-order logic. You are encouraged, but not required to
typeset your answers. (Yeah!!!) Be sure to write your answers clearly and legibly, however.

• For this assignment, you may work with up to one other student.

• For this assignment, you are free to consult outside material (other than the Course Notes). You might
find useful references at the sites below:

– http://www.cs.cmu.edu/~fp/courses/logic/

– http://www.cs.cmu.edu/~fp/courses/atp/

– http://www.cs.cmu.edu/~fp/courses/linear/

(The Course Notes for CSE-490 is to a large extent based on the notes developed for the first two
courses.)

• On the cover page of your assignment, you must state one of the following:

– I worked alone on this assignment.

– I worked with (your classmate with whom you discussed this assignment) on this assignment.

• On the cover page of your assignment, you must state one of the following:

– I used only the course material provided on the course webpage.

– I used the following outside material to complete this assignment: (sources of outside material,
with chapter/section/pages).

Throughtout this assignment, you may write A instead of A true for the sake of simplicity.

1 Implication [30 pts]

For each judgment below, give a proof in the natural deduction style without using hypothetical judgments.
If it is not provable, explain why it is not provable in plain English, in no more than five lines.

Throughout this part, we make the following assumptions about two propositions A and B.

• A term variable x is not free in A. That is, we have [t/x]A = A for any term t.

• A term variable x is free in B. Thus we have [t/x]B 6= B in general.
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Be careful about operator precedence when interpreting each proposition. For example, quantifiers have
the lowest operator precedence, and we have ∀x.A ⊃ B = ∀x.(A ⊃ B).

Question 1. [5 pts] (A ⊃ ∀x.B) ⊃ (∀x.A ⊃ B) true

Question 2. [5 pts] (∀x.A ⊃ B) ⊃ (A ⊃ ∀x.B) true

Question 3. [10 pts] (A ⊃ ∃x.B) ⊃ (∃x.A ⊃ B) true

Question 4. [10 pts] (∃x.A ⊃ B) ⊃ (A ⊃ ∃x.B) true

2 Negation [20 pts]

In classical logic, the following logical equivalences hold (where term variable x may be free in A):

¬∀x.A ≡ ∃x.¬A
¬∃x.A ≡ ∀x.¬A

We have seen in the Course Notes that the first logical equivalence fails in constructive logic. What about
the second one? (For answering the questions below, use the natural deduction style without hypothetical
judgments.)

Question 1. [5 pts]
Give a proof of (¬∃x.A) ⊃ (∀x.¬A) true in the natural deduction style. If not provable, state so.

Question 2. [5 pts]
Give a proof of (∀x.¬A) ⊃ (¬∃x.A) true in the natural deduction style. If not provable, state so.

Question 3. [10 pts] Recall that (∃x.¬A) ⊃ (¬∀x.A) true is provable, but (¬∀x.A) ⊃ (∃x.¬A) true is not
provable; thus the first logical equivalence fails in constructive logic. It holds in a modified form, however.
Give a proof of (¬∀x.A) ⊃ (¬¬∃x.¬A) true. (Error: The judgment is not provable.)

3 Theorems in first-order logic [50 pts]

Consider the following axioms for natural numbers:

Nat(0) true Zero ∀x.Nat(x) ⊃ Nat(s(x)) true Succ

∀x.Eq(x, x) true
Eqi ∀x.∀y.∀z.(Eq(x, y) ∧ Eq(x, z)) ⊃ Eq(y, z) true

Eqt

∀x.Lt(x, s(x)) true
Lts ∀x.∀y.Eq(x, y) ⊃ ¬Lt(x, y) true

Lt¬

We assign the following proof terms for the axioms given above:

Nat0 : Nat(0) Zero
Nats : ∀x.Nat(x) ⊃ Nat(s(x)) Succ

Eqi : ∀x.Eq(x, x)
Eqi Eqt : ∀x.∀y.∀z.(Eq(x, y) ∧ Eq(x, z)) ⊃ Eq(y, z)

Eqt

Lts : ∀x.Lt(x, s(x))
Lts Lt¬ : ∀x.∀y.Eq(x, y) ⊃ ¬Lt(x, y)

Lt¬
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For our proofs using the sequent calculus, we use a metavariable Γ for the following set of propositions
(to appear in sequents):

Γ = Nat(0),∀x.Nat(x) ⊃ Nat(s(x)),
∀x.Eq(x, x),∀x.∀y.∀z.(Eq(x, y) ∧ Eq(x, z)) ⊃ Eq(y, z),
∀x.Lt(x, s(x)),∀x.∀y.Eq(x, y) ⊃ ¬Lt(x, y)

Question 1. [5 pts] Give a proof of ∀x.Nat(x) ⊃ Nat(s(s(x))) true.

Question 2. [5 pts] What is the proof term for your proof of ∀x.Nat(x) ⊃ Nat(s(s(x))) true? You do not
need to show the derivation tree for the typing judgment; just show the proof term.

Question 3. [5 pts] Give a proof of Γ −→ ∀x.Nat(x) ⊃ Nat(s(s(x))). You may introduce additional
metavariables (e.g., Γ′, Γ′′) for sets of propositions as necessary, if it helps you to simplify the presentation
of the proof.

Question 4. [5 pts] Give a proof of ∀x.∀y.Lt(x, y) ⊃ ¬Eq(x, y) true.

Question 5. [10 pts] What is the proof term for your proof of ∀x.∀y.Lt(x, y) ⊃ ¬Eq(x, y) true? You do
not need to show the derivation tree for the typing judgment; just show the proof term.

Question 6. [5 pts] Give a proof of Γ −→ ∀x.∀y.Lt(x, y) ⊃ ¬Eq(x, y). You may introduce additional
metavariables (e.g., Γ′, Γ′′) for sets of propositions as necessary, if it helps you to simplify the presentation
of the proof.

Question 7. [15 pts] Give a proof term for the proof of ¬∃x.∃y.Eq(x, y) ∧ Lt(x, y) true. Your proof term
must be an intro term which corresponds to a normal proof. (Therefore there is a unique answer to this
question.) You do not need to show the derivation tree for the typing judgment; just show the proof term.

Submission instruction

Download hw4.tex, defns.tex, proof.sty from the course webpage and copy them to your working direc-
tory.

Fill in hw4.tex with your answers.
Produce a PostScript file hw4.ps. Copy both hw4.ps and hw4.tex to the following directory (if your

Hemos id is foo):

/afs/postech.ac.kr/class/cse/cs490/handin/hw4/foo/

Note that we do not accept PDF files! A sample session might look like:
[gla:23 ] latex hw4.tex
[gla:24 ] dvips -o hw4.ps hw4.dvi
[gla:25 ] cp hw4.ps /afs/postech.ac.kr/class/cse/cs490/handin/hw4/<Your Hemos ID>/
[gla:26 ] cp hw4.tex /afs/postech.ac.kr/class/cse/cs490/handin/hw4/<Your Hemos ID>/
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