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The goal in this assignment is to prove type safety of simply-typed lambda calculus using Coq. In
order to simplify the programming task, we use an unconventional formalization quite different from the
standard formalization that uses typing contexts. We take the view that entailment relations (conven-
tionally using the symbol `), including typing judgments, are just syntactic tools for displaying only
the hypotheses and conclusion of a hypothetical proof while hiding its internal structure. That is, we
interpret an entailment relation J1, · · · , Jn ` J as a syntactic representation of a certain hypothetical

proof deducing a judgment J from a collection of hypotheses J1 , · · · ,Jn :

J1, · · · , Jn ` J ⇐⇒
J1 · · · Jn

. . . . .
.

J

In hypothetical proofs, all structural properties are implicit — we may use a hypothesis as many times
as necessary, or may choose not to use it at all. Hence, by expanding typing judgments into hypothetical
proofs, or equivalently, by eliminating typing contexts, we obtain a new form of typing judgment which
retains the internal structure of its own proof and renders all structural lemmas unnecessary. This new
form of typing judgment may be unwieldy for manual proofs, but is highly suitable for mechanized proofs.

See Figure 1 for the definitions and rules in the new formalization of the simply-typed lambda calculus.

1 Syntax and operational semantics

Our syntax for the simply-typed lambda calculus uses two distinct classes, variables and parameters,
for terms. A variable has a corresponding binder and is thus locally bound, whereas a parameter has
no corresponding binder and is thus assumed to be globally bound. We use variables x, y, · · · , and
parameters X,Y, · · · . Note that instead of maintaining a typing context with term bindings X : A, we
explicitly annotate every parameter with its type:

type A,B, · · · ::= > | A→B
term t ::= x | X :A | λx :A. t | t t

> is a dummy base type. A→B is a function type from A to B.
A value judgment t value means that term t is a value, which is an abstraction. A reduction judgment

t 7−→ t′ means that term t reduces to term t′ in a single step. As the reduction of a well-typed term
never produces unbound variables, a variable substitution [x 7→ t′]t in the rule red-app assumes that t′

contains no unbound variables. Hence the following case does not test if t′ contains an unbound variable
y:

[x 7→ t′]λy :A. t = λy :A. [x 7→ t′]t if x 6= y

2 Type system

As typing contexts are no longer necessary, we use and a typing judgment t : A which does not use
typing contexts. We use param(t) for computing the set of parameters in term t. The type system uses
a variable substitution of the form [x 7→ X :A]t.

The proof of type safety requires parameter substitutions [X :A 7→ t′]t and a local closure judgment for
terms. We use a local closure judgment t termS for terms which means that S is the set of temporarily
unbound variables in t. We use a simple style of local closure using index sets and the exists-fresh
quantification to introduce fresh parameter names in the typing rule x-typing-abs dealing with binders.

1



3 Type safety

In the proof of type safety, we no longer need to prove structural properties such as permutation and
weakening, which, in a certain sense, are already built into every judgment. Moreover individual lemmas
also become simpler, both in their statements and in proof steps, because we no longer need to manipulate
typing contexts. In fact, the effect of building structural properties into every judgment permeates the
whole proof of type safety, eliminating many proof steps that require unusual tricks in the type system
with typing contexts.

The proof of type safety uses the substitution lemma 3.2, whose proof relies on the renaming
lemma 3.1. Note that the type preservation theorem proves param(t′) ⊂ param(t). Then the two
theorems 3.3 and 3.4 ensure that the evaluation of a well-typed closed term never goes wrong!

Lemma 3.1 (Renaming). If [x 7→ X :A]t : C, then [x 7→ Y :A]t : C.

Lemma 3.2 (Substitution). If t : A and t′ : C, then [X :C 7→ t′]t : A.

Theorem 3.3 (Preservation). If t : A and t 7−→ t′, then t′ : A and param(t′) ⊂ param(t).

Theorem 3.4 (Progress).
If t : A and param(t) = ∅, then either t value holds or there exists t′ such that t 7−→ t′.

4 Instruction

Complete all the definitions and prove all the lemmas in the provided Coq script.
To help you in this assignment, the script also contains all the other lemmas from the sample solution

(which are commented out). We have generated the Coq script by removing definitions and proofs from
the sample solution, so these lemmas appear in the same order as in the sample solution. You are not
required to prove these lemmas, but you will have to prove similar lemmas in you proof anyway.

The most challenging cases are:

• typingLH_rename_par which corresponds to Lemma 3.1.

• typing_subst_par which corresponds to Lemma 3.2.

Proving the main theorems preservation and progress are relatively easy. You should figure out why
the proof of Lemma 3.2 relies on Lemma 3.1.

Good luck!
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Definitions:
param(x) = ∅

param(X :A) = {X}
param(λx :A. t) = param(t)

param(t1 t2) = param(t1) ∪ param(t2)

[x 7→ t′]x = t′

[x 7→ t′]y = y if x 6= y
[x 7→ t′]X :A = X :A

[x 7→ t′]λx :A. t = λx :A. t
[x 7→ t′]λy :A. t = λy :A. [x 7→ t′]t if x 6= y
[x 7→ t′](t1 t2) = [x 7→ t′]t1 [x 7→ t′]t2

[X :A 7→ t′]x = x
[X :A 7→ t′]X :A = t′

[X :A 7→ t′]Y :B = Y :B if X :A 6= Y :B

[X :A 7→ t′]λx :B. t = λx :B. [X :A 7→ t′]t
[X :A 7→ t′](t1 t2) = [X :A 7→ t′]t1 [X :A 7→ t′]t2

size(x) = 0
size(X :A) = 0

size(λx :A. t) = size(t) + 1
size(t1 t2) = size(t1) + size(t2) + 1

Values:

λx :A. t value
val-abs

Reduction rules in the call-by-value style:

t1 7−→ t′1
t1 t2 7−→ t′1 t2

red-fun
t1 value t2 7−→ t′2
t1 t2 7−→ t1 t

′
2

red-arg t′ value
(λx :A. t) t′ 7−→ [x 7→ t′]t

red-app

Rules for locally closed terms:

x term{x}
x-term-var

X :A term∅
x-term-par t termS

λx :A. t termS−{x} x-term-abs

t1 termS1 t2 termS2

t1 t2 termS1∪S2
x-term-app

Typing rules:

X :A : A
x-typing-epar

X 6∈ param(t) [x 7→ X :A]t : B

λx :A. t : A→B
x-typing-abs

t : A→B t′ : A
t t′ : B

x-typing-app

Figure 1: Rules for the simply-typed lambda calculus
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