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Iterative Inversion of Fuzzified Neural Networks
Sungwoo Park and Taisook Han

Abstract—The inversion of a neural network is a process of com-
puting inputs that produce a given target when fed into the neural
network. The inversion algorithm of crisp neural networks is based
on the gradient descent search in which a candidate inverse is it-
eratively refined to decrease the error between its output and the
target. In this paper, we derive an inversion algorithm of fuzzi-
fied neural networks from that of crisp neural networks. First, we
present a framework of learning algorithms of fuzzified neural net-
works and introduce the idea of adjusting schemes for fuzzy vari-
ables. Next, we derive the inversion algorithm of fuzzified neural
networks by applying the adjusting scheme for fuzzy variables to
total inputs in the input layer. Finally, we make three experiments
on the parity-three problem; we examine the effect of the size of
training sets on the inversion and investigate how the fuzziness of
inputs and targets of training sets affects the inversion.

Index Terms—Fuzzified neural network, inversion algorithm,
learning algorithm.

I. INTRODUCTION

FUZZY neural networks are network architectures designed
to process fuzzy data. The largest class of fuzzy neural net-

works is trainable fuzzy rule-based systems with network archi-
tectures (Horikawaet al. [1], Jang [2], Kwan and Cai [3], and
Shann and Fu [4]). Another class of fuzzy neural networks is
fuzzified neural networks, which are derived from regular crisp
neural networks by substituting fuzzy neurons for crisp neurons
(Ishibuchiet al.[5] and Hayashiet al.[6]). Buckley and Hayashi
[7] classifies fuzzified neural networks into three types:
with real inputs and fuzzy weight factors; with fuzzy in-
puts and real weight factors; with fuzzy inputs and fuzzy
weight factors.

There have been several researches on the learning algorithm
of fuzzified neural networks. Hayashiet al.[6] and Buckley and
Hayashi [8] present the fuzzified delta rule by replacing real
variables in the generalized delta rule of Rumelhartet al. [9]
by fuzzy variables, but it cannot be used practically because of
the lack of theoretical support. Feuring [10] proposes a learning
algorithm designed for triangular weight factors. Ishibuchiet al.
[11], [12] propose an architecture of fuzzified neural networks
in which weight factors are real numbers. Ishibuchiet al. [13],
[14] use symmetric triangular fuzzy numbers for weight fac-
tors. Ishibuchi and Nii [15] use nonsymmetric trapezoidal fuzzy
numbers for weight factors. Dunyak and Wunsch [16] propose
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a transformation which does not simplify the representation of
weight factors.

A neural network can be regarded as representing a function
determined by its weight factors and network architecture.

Usually, we train a neural network with a training set, present
inputs to the neural network, and interpret the outputs according
to the logical rules in the training set. In contrast, the inversion
is a process of computing inputs which produce a given target
when fed into the neural network; it evaluates the inverse func-
tion for the target. In other words, the inversion answers
the question, “Which input must be fed into the neural network
to produce the given target?”

If the neural network simulates a many-to-one function, a
target may have more than one inverse. Furthermore it requires
a large computational cost to find an exact inverse of the target
even on neural networks of moderate size. For these reasons,
the inversion yields estimate inverses which approximate the in-
verse of the target to a certain degree.

Linden and Kindermann [17] introduce the inversion algo-
rithm of crisp neural networks. It is based on the gradient de-
scent search in which a candidate inverse is iteratively refined
to decrease the error between its output and the target. The in-
version of crisp neural networks has been used in several appli-
cations (Hoskinset al. [18], Daviset al. [19], Hwang and Chan
[20], and Hwanget al. [21]).

To our knowledge, the inversion of fuzzified neural networks
has not been investigated in the literature. In this paper, we de-
rive an inversion algorithm of fuzzified neural networks from
that of crisp neural networks. It is also based on the gradient de-
scent search. Since we do not have the calculus for fuzzy num-
bers, the inversion algorithm of crisp neural networks cannot
be directly fuzzified; hence, we introduce the idea of adjusting
scheme for fuzzy variables. An adjusting scheme for fuzzy vari-
ables tells how to adjust fuzzy variables in the gradient descent
search.

We first present a general framework of learning algorithms
of fuzzified neural networks which is based on the generalized
delta rule. This framework uses adjusting schemes for fuzzy
variables to adjust weight factors. Then we derive adjusting
schemes for fuzzy variables from existing learning algorithms,
which fit into this framework. Finally we apply adjusting
schemes for fuzzy variables to total inputs in the input layer and
obtain the inversion algorithm of fuzzified neural networks.

With three adjusting schemes for fuzzy variables, we make
three experiments on the parity-three problem. The first experi-
ment demonstrates the learning and inversion of fuzzified neural
networks. In the second experiment, we examine the effect of
the size of training sets on the inversion. In the third experi-
ment, we investigate how the fuzziness of inputs and targets of
training sets affects the inversion.
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The inversion of fuzzified neural networks has several appli-
cations. For example, a fuzzy controller system implemented
with fuzzified neural networks can benefit from the inversion in
finding control signals for desired operations. The reliability of
fuzzy systems based on fuzzified neural networks can also be
examined by the inversion.

This paper is organized as follows. We explain the architec-
ture and operation of fuzzified neural networks in Section II. We
derive adjusting schemes for fuzzy variables in Section III. We
derive the inversion algorithm of fuzzified neural networks in
Section IV. We analyze experimental results in Section V. We
summarize this paper in Section VI.

II. FUZZIFIED NEURAL NETWORKS

In this section, we first give an overview of fuzzy arithmetic
and interval arithmetic.1 Next we describe the architecture and
operation of fuzzified neural networks.

A. Fuzzy Numbers

Fuzzy numbers are continuous fuzzy sets defined on, the
set of real numbers. A membership functionA
gives a unique fuzzy numberA in , the set of fuzzy numbers
defined on . A normal triangular-shaped fuzzy numberA is a
fuzzy number such that

A A (1)

whereA andA are the -level set and the -level set
of A, respectively.2 Kaufmann and Gupta [22] define a fuzzy
number as a convex and normal fuzzy set defined on a real line,
which is a normal triangular-shaped fuzzy number in our termi-
nology. We consider only normal triangular-shaped fuzzy num-
bers throughout this paper.

Basic fuzzy number operations are obtained through applying
the extension principle of Zadeh [22] to numerical operations.
For fuzzified neural networks, we need three operations: ad-
dition, multiplication, and monotonic function mapping. These
operations are defined by the extension principle as

A B A B (2)

A B A (3)

f A A (4)

whereA B are fuzzy numbers, is a monotonically
increasing function, andf is a fuzzy function extended
from .

1In this paper, we denote fuzzy numbers and fuzzy functions by sans serif
letters (for example,A, X, f), real numbers and real-valued functions by italic
letters (for example,a, x, f ), and intervals and interval functions by typewriter
letters (for example,A, X, f).

2This definition of normal triangular-shaped fuzzy numbers includes trape-
zoidal fuzzy numbers.

An interval is defined as a set of real numbers contained in
a range

(5)

A real number can be regarded as a particular interval .
Basic interval operations are addition, multiplication, and
monotonic function mapping :

(6)

(7)

(8)

where is a monotonically increasing function and
is an interval function extended from. If ; that is, the

interval consists only of positive numbers, (7) can be rewritten
as

(9)

A fuzzy number has an infinite number of level sets, which
makes it difficult to devise a precise representation scheme of
fuzzy numbers. For this reason, we approximate fuzzy numbers
with their -level sets on predefined levels

. The set of predefined levels is
determined according to the desired representation precision.
In this simplified representation scheme, we can implement the
three fuzzy number operations only with interval arithmetic

A B A B (10)

A B A B (11)

f A A (12)

For the implementation of fuzzy arithmetic, see Anileet al.[23].

B. Architecture of Fuzzified Neural Networks

A fuzzy neuron is a computation unit which consists of a set
of fuzzy input variablesX X X , a set of fuzzy weight
factors W W W , and a fuzzy activation functionf

extended from a monotonically increasing real-valued
function. It receives fuzzy signals as inputs and computes the
total inputNet and the outputO as follows:

Net X W (13)

O f Net (14)
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Fig. 1. The architecture of fuzzified neural networks withK + 1 layers.

That is, it first computes the weighted sum of inputs and then
produces the function value of the weighted sum on the activa-
tion functionf as its final result. We adopt the standard sigmoidal
function

f Net
exp Net

(15)

A fuzzified neural network is derived from a regular crisp
neural network by substituting fuzzy neurons for crisp neurons
(Ishibuchiet al. [5] and Hayashiet al. [6]). It is composed of
one input layer, one output layer, and one or more hidden layers,
as shown in Fig. 1. Each layer has one or more neurons, and a
special bias neuron is attached to every layer except the output
layer. Every neuron except bias neurons and those in the input
layer maintains a weight factor for each neuron in the preceding
layer.

When an -dimensional fuzzy vector
X X X X is presented to a fuzzified neural
network in Fig. 1, the input–output relation of each neuron
is obtained from (13)–(14) as follows:

O X (16)

O f Net

f O W (17)

O (18)

In (16)–(18),Net and O are the total input and the final
output of the neuron in the layer , respectively.W is the
weight factor of the neuronin the layer for the neuron in
the layer . (16) says that the input to a neuron in the input
layer becomes the output of the neuron and (18) says that the
output of every bias neuron is the real number.

Since we approximate fuzzy numbers with their level sets on
predefined levels, we use the input–output relation defined in

terms of interval arithmetic to implement fuzzified neural net-
works

O X (19)

O Net

O W (20)

O (21)

where is a level value.

III. L EARNING OF FUZZIFIED NEURAL NETWORKS

A learning algorithm specifies how to adjust weight factors
from the logical rules in a training set. In this section, we first
present a general framework of learning algorithms of fuzzified
neural networks, which is based on the generalized delta rule of
Rumelhartet al. [9]. Next, we introduce adjusting schemes for
fuzzy variables and show that specific learning algorithms are
obtained by combining adjusting schemes for fuzzy variables
with the framework of learning algorithms.

A. Framework of Learning Algorithms

Suppose that an input fuzzy vectorX X X X
and an associated target fuzzy vectorT T T T are
presented to a learning algorithm of the fuzzified neural network
in Fig. 1. We assume thatX is defined on ;
that is,X . We do not lose the generality of input fuzzy
vectors by this assumption, for any fuzzy numberA can
be converted to another unique fuzzy numberA defined on

by takingA f A wheref is the sigmoidal function.
T must also be defined on to be a valid
component ofT because the output of fuzzy neurons is fuzzy
numbers defined on . The outputO for the inputX can be
written as

O O O O

F X X X F (22)

To introduce the gradient descent search to the learning algo-
rithm, we should have a cost functione com-
puting the difference between two fuzzy numbers. To this end,
we define a cost functione for each level

, which computes the difference between the
-level sets of two fuzzy numbers. Examples ofe (Krishnam-

raju et al. [24] and Ishibuchiet al. [5]) are

e A B
A B A B

(23)

e A B A B A B (24)
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Fig. 2. An abnormal case in adjusting weight factors.

Then we can obtain the total errorbetween the outputO and
the targetT by

e O T

e O T (25)

The learning algorithm adjusts weight factors in order to min-
imize . Consider a weight factorW. W is represented by a set
of real variables

W W W W (26)

for which the following constraint holds:

W W W W W W (27)

We can obtain a new value ofW by taking incremental
changes W and W proportional to W and

W , respectively, for the level

W
W

(28)

W
W

(29)

where is a positive constant. Ishibuchiet al.[5] give a detailed
calculation of the partial derivatives. In Appendix, we reformu-
late the calculation for fuzzified neural networks with more than
one hidden layer.

Although incremental changesW and W in (28)–(29)
decrease the total error, the resultant weight factor may not
be a valid fuzzy number as illustrated in Fig. 2; it does not sat-
isfy the constraint in (27). We must therefore takeW and

W such that the resultant weight factor does not violate the
constraint.

There have been several researches on the learning algorithm
of fuzzified neural networks which fits into this framework.
Ishibuchiet al. [11], [12] propose an architecture of fuzzified
neural networks in which weight factors are real numbers.
Ishibuchi et al. [13], [14] use symmetric triangular fuzzy
numbers for weight factors. Ishibuchi and Nii [15] use non-
symmetric trapezoidal fuzzy numbers for weight factors. Their
algorithms all simplify the representation of weight factors;
that is, weight factors are represented with less parameters than

in the original representation scheme. Dunyak and Wunsch
[16] propose a transformation which does not simplify the
representation of weight factors; their algorithm allows general
fuzzy numbers to be used for weight factors. In the next
subsection, we interpret these algorithms in a consistent way by
defining corresponding adjusting schemes for fuzzy variables.

B. Adjusting Schemes for Fuzzy Variables

An adjusting scheme for fuzzy variables tells how to adjust a
fuzzy variable or weight factorW and decrease when given
partial derivatives W and W , . It
is defined by a one-to-one correspondence function

which specifies a unique value ofW for a set of real
parameters by

W W W W (30)

The function should be defined in such a way that we can cal-
culate , from W and W .
ForW to have a valid fuzzy number, the setmay have to sat-
isfy some constraint. Depending on, the adjusting scheme may
assume fuzzy variables to be of a particular type of fuzzy num-
bers.

With an adjusting scheme, we can obtain a new value ofW
by adjusting the parameters in instead ofW andW . First
we calculate . Next, we obtain new values for by

(31)

where is a positive constant. If the sethas a constraint, (31)
may cause the new values forto violate the constraint. In such
cases, we must provide an algorithm or a heuristic to keep the
constraint. Finally, we obtain a new value ofW by (30).

An adjusting scheme combined with the framework of
learning algorithms gives a specific learning algorithm; con-
versely, we can derive an adjusting scheme from any learning
algorithm which fits into the framework. For example, an
adjusting scheme defined by with such
that

W W (32)

gives the learning algorithm for real weight factors in Ishibuchi
et al. [11], [12]. The partial derivative is obtained by

W W
(33)

Since no constraint is imposed on, we may adjust by

(34)

As another example, consider the learning algorithm for non-
symmetric trapezoidal weight factors in Ishibuchi and Nii [15].
The corresponding adjusting scheme is defined by

with such that

W (35)
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Fig. 3. A trapezoidal fuzzy number.

W (36)

(37)

specifies a unique trapezoidal fuzzy number forW, as shown
in Fig. 3. From the chain rule, we have

W
(38)

W
(39)

W
(40)

W
(41)

from which we calculate , and . The resulting set
may not, however, satisfy

the constraint in (37). For this reason, we provide a heuristic
for adjusting the parameters to keep the constraint. To reorder
the parameters by sorting the four new values inproves to
be a good candidate for the heuristic, which is demonstrated in
Section V-A.

The transformation of Dunyak and Wunsch [16] gives
an adjusting scheme defined by with

such that

W (42)

W W (43)

W W (44)

W W (45)

The partial derivatives for the parameters are calculated from
the chain rule as follows:

W W W
(46)

W W

(47)

W
(48)

has no constraint and always gives a valid fuzzy number for
W. Note that the set does not change if all the parameters
and are set to zero.

One reason for introducing the idea of adjusting scheme for
fuzzy variables is to formulate the existing learning algorithms
in a single framework. Another reason is that it is essential to
the inversion algorithm of fuzzified neural networks, which is
shown in the next section.

IV. I NVERSION OFFUZZIFIED NEURAL NETWORKS

In this section, we first explain the problem of inversion. Next,
we derive the inversion algorithm of fuzzified neural networks
from that of crisp neural networks.

A. Introduction

Consider a fuzzified neural network in Fig. 1. After it learns
the rules in a training set a sufficient number of times so as
to reach a stable state, it approximates a fuzzy functionF

, which complies with the rules. The inversion is a
process of computing the inverse of a targetT T T
on the functionF. In other words, it computes an inputX
X X which produces the desired targetT when fed

into the fuzzified neural network

F X X T T (49)

If the fuzzified neural network simulates a many-to-one func-
tion, the targetT may have more than one inverse. Furthermore,
it requires a large computational cost to find the exact inverse of
T even on fuzzified neural networks of moderate size. For these
reasons, we instead find an estimate inverseX, which approxi-
mates the inverse ofT to a certain degree as follows:

F X X T T (50)

Linden and Kindermann [17] introduce the inversion algo-
rithm of crisp neural networks. It is based on the gradient de-
scent search in which a candidate inverse is iteratively refined
to decrease the error between its output and the target; it adjusts
repeatedly the candidate inverse using error signals backprop-
agated from the output layer. The error signals are backpropa-
gated to the input layer in the same way as in the learning al-
gorithm. The inversion of crisp neural networks has been used
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in several applications (Hoskinset al. [18], Davis et al. [19],
Hwang and Chan [20], and Hwanget al. [21]).

As with crisp neural networks, the inversion algorithm of
fuzzified neural networks is based on the gradient descent
search. Since we do not have the calculus for fuzzy numbers, the
inversion algorithm of crisp neural networks cannot be directly
fuzzified. Therefore, the inversion algorithm of fuzzified neural
networks uses adjusting schemes for fuzzy variables to adjust
estimate inverses, which is explained in the next subsection.

B. Computing the Inverse

Suppose that we want to find the inverse of a targetT
T T . Let X X X be an estimate inverse.

We assume thatT andX are
defined on . The outputO O O is given
by

O F X X (51)

The total error betweenT andO is computed by (25).
We note from (16) thatX becomes the output of the input

layer without modification. In another perspective, the input
layer can be considered, like other layers, to maintain the total
input Net from which we computeX by

X f Net (52)

wheref is the standard sigmoidal function. We can also obtain
a unique value ofNet from X by

Net f X

ln
X

(53)

Therefore, to obtain a new estimate inverse ofT, we may adjust
the total inputs in the input layer instead ofX.

In (65)–(66) (see Appendix), we define error signals and
. In the

inversion, we can compute error signals for the hidden layers
and the output layer in the same way as in the backpropagation
of the learning algorithm. SinceX is defined on , the input
layer is in the same condition as hidden layers. Therefore, we
can compute the error signals and for the input layer
using (78)–(79) with . From and , we obtain
partial derivatives Net and Net .

With Net and Net available, we employ
an adjusting scheme for fuzzy variables to obtain a new value
of Net which decreases . The new value ofNet gives in
turn a new value ofX by (52). Thus, we can obtain a more
accurate estimate inverse ofT.

Fig. 4 describes the inversion algorithm of fuzzified neural
networks. It assumes an adjusting scheme for fuzzy variables,
but need not use the same adjusting scheme as in the learning
algorithm because it does not modify weight factors. After ini-
tializing Net to a fuzzy number which can be specified by a
valid set in the adjusting scheme, it refines iteratively the total
inputs in the input layer to decrease the total errorbetween
the target and the output. Since we adjust only the total inputs,

Fig. 4. The inversion algorithm of fuzzified neural networks.

the inversion algorithm does not use (53). To compute error sig-
nals and partial derivatives, it uses the formulas shown in the
Appendix.

The inversion is expected to produce by (52) a sequence of
inputs converging to a minimum in the input space, which is
taken as the final estimate inverse ofT. Note that the quality
of estimate inverses depends on the adjusting scheme because it
specifies the type of fuzzy numbers of which the total inputs can
be. It is completed when the outputO suffices the termination
condition; that is, goes below a positive constant. Experi-
mental results of the inversion are given in the next section.

V. EXPERIMENTS

We make three experiments about the learning and inversion
of fuzzified neural networks. The first experiment demonstrates
the learning and inversion of fuzzified neural networks. In the
second experiment, we examine the effect of the size of training
sets on the inversion. In the third experiment, we investigate how
the fuzziness of inputs and targets of training sets affects the
inversion.

In these experiments, every fuzzy number is represented
with 11 level sets for . The
learning algorithm uses the cost functione in (24). It proceeds
in off-line mode: weight factors are modified only once for
the whole training set at any iteration. (31) is also modified to
include a momentum term

(54)

where is the incremental change for the parameter
at the th iteration of the learning or inversion process.and
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TABLE I
TRAINING SET FOR THEPARITY-THREE PROBLEM

f denote the standard sigmoidal functions for real numbers and
fuzzy numbers, respectively.3

A. Experiment 1: Learning and Inversion of Fuzzified Neural
Networks

In this experiment, we demonstrate the learning and inversion
of fuzzified neural networks. We experiment on three adjusting
schemes for both weight factors in the learning algorithm and
total inputs in the input layer in the inversion algorithm. First, we
construct a fuzzified neural network for each adjusting scheme.
It learns a training set for the parity-three problem. Then we
compute estimate inverses of a target on these fuzzified neural
networks. We also explain how to obtain several estimate in-
verses of a given target.

1) Learning of Fuzzified Neural Networks:The training set
for the parity-three problem has eight rules, each of which con-
sists of an inputX X X X and an associated target
T T as shown in Table I. Fig. 5 shows the membership
functions of fuzzy numbersOn andOff.

We use three adjusting schemes for weight factors.

a) defined by (32), .
b) defined by (35)–(36),

with the reordering heuristic to keep the constraint in (37).
c) defined by (42)–(45),

.
For each adjusting scheme, we construct a fuzzified neural

network in Fig. 1 such that , , , .
In adjusting schemes (a) and (b), weight factors are initialized
to random real numbers in . In the adjusting scheme (c),
weight factors are initialized to triangular fuzzy numbers speci-
fied by where is a random real number in

. 4 We use and in (54) for both learning
and inversion.

Fig. 6 shows the progress of learning for 10 000 iterations
in each adjusting scheme. The vertical axis denotes the sum
of total errors for the whole training set on a logarithm scale.

3All the experiments are performed on Silicon Graphics Octane, 195 MHZ
R10000 CPU and R10010 FPU, 128 Mbytes main memory.

4A triangular fuzzy numberA specified by(p; q; r); p < q < r, is defined
by

�A(x) =

if x 2 [p; q]

if x 2 [q; r]

0 otherwise

(55)

Fig. 5. The membership functions ofOn andOff.

Fig. 6. The progress of learning in each adjusting scheme.

The learning times are: (a) 26.40 seconds; (b) 26.91 seconds;
(c) 27.52 seconds. Although the adjusting scheme (c) main-
tains a set with 22 parameters for each weight factor, its
learning time is only 4.24% and 2.27% longer than those of
adjusting schemes (a) and (b), respectively. The reason is that

W and W in (28)–(29) require a larger computational
cost than in (54) and that W and W are com-
puted in the same way in all the adjusting schemes: forW
and W , (a) 25.91 seconds, (b) 25.89 seconds, and (c) 26.23
seconds; for , (a) 0.48 seconds, (b) 1.02 seconds,
and (c) 1.27 seconds. The sums of total errors at the 10 000-th
iteration are: (a) ; (b) ;
(c) . The adjusting scheme (a), in which the
set has only one parameter and weight factors are real num-
bers, produces a smaller sum of total errors than the adjusting
scheme (b). This is attributed in part to the characteristic of the
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Fig. 7. The membership function�O (x) for the input ~X =

(On;Off;Off) after 10 000 iterations of learning.

parity-three problem: the fuzziness of the input is equal to that
of the target and thus real weight factors are adequate.

After 10 000 iterations of learning, we compute the output
O O for an inputX On Off Off on each trained
fuzzified neural network. Fig. 7 shows the membership function

O . The total errors are: (a) ; (b)
; (c) . All the outputs have high

membership values in and thus can be interpreted asOff,
which is the target associated with the inputX in the training
set. We see that the three adjusting schemes produce similar
outputs for the same input after 10 000 iterations of learning,
which means that they are all adequate for learning the training
set for the parity-three problem. Their behavior in inversion is
not, however, so similar as in learning.

2) Inversion of Fuzzified Neural Networks:To demonstrate
the inversion, we use the three fuzzified neural networks
achieved through 10 000 iterations of learning. On each of these
fuzzified neural networks, we compute an estimate inverse of
the targetT On through 10000 iterations of inversion.
The total inputs in the input layer are represented by the same
adjusting scheme as in the learning process.

The total inputs Net Net Net in the input layer are
initialized so as to satisfy

f Net f Net f Net On Off Off (56)

In the adjusting scheme (a),Net Net Net are ini-
tialized to real numbers .
In adjusting schemes (b) and (c),Net Net Net are
initialized to On Off Off where On and Off
are triangular fuzzy numbers specified by

and ,
respectively. Since the input (On, Off, Off) is associated with
the targetOff in the training set, the inversion algorithm cannot
find by chance an acceptable estimate inverse during first few
iterations.

Fig. 8 shows the results of inversion after 10 000 iterations.
The inversion times are: (a) 3.07 seconds; (b) 3.19 seconds; (c)
3.27 seconds. In adjusting schemes (a) and (b), the estimate
inverses are close to (Off, Off, Off) and the outputs are obvi-
ously interpreted asOn. In contrast, the adjusting scheme (c)

presents an estimate inverse which can be interpreted as (On,
On, Off). The estimate inverse in the adjusting scheme (a) con-
sists only of real numbers while those in adjusting schemes (b)
and (c) consist of general fuzzy numbers; the adjusting scheme
determines the type of fuzzy numbers for total inputs in the
input layer as explained in Section IV.B. The total errors are: (a)

; (b) ; (c) .
Note that we cannot compare the estimate inverses by these total
errors because they are computed on different fuzzified neural
networks.

Fig. 9 shows the change of estimate inverses in the ad-
justing scheme (b). The total errors are: 1) ; 2)

; 3) ; and 4) . We
observe that the inversion produces an output close toOn by
shiftingX gradually towardOff while keepingX andX near
Off. After 5000 iterations, we obtain an estimate inverse which
can be interpreted as (Off, Off, Off).

The inversion is a sort of gradient descent search. Therefore
an estimate inverse produced by inversion on a fuzzified neural
network depends on the initial value of the total inputs in the
input layer as well as the weight factors. Since the inversion
does not affect the weight factors, we can obtain several estimate
inverses by varying the initial values of the total inputs.

Fig. 10 shows that four estimate inverses are obtained for
the common targetT On through 10 000 iterations of
inversion in the adjusting scheme (c). The initial values of the
total inputs in the input layer are: (1)A A A ; (2) A B D ;
(3) D D D ; (4) D C D , where A B C, and D are
triangular fuzzy numbers specified by

, and
, respectively. The total errors are:

(1) ; (2) ; (3)
; (4) . The estimate

inverses can be interpreted as: 1) (Off, Off, Off); 2) (Off, On,
On); 3) (On, On, Off); and 4) (On, Off, On). These estimate
inverses give all the inputs, in an approximate form, associated
with the targetT On in the training set.

B. Experiment 2: Effect of the Size of Training Sets on the
Inversion

In this experiment, we examine the effect of the size of
training sets on the inversion. We construct four fuzzified
neural networks each of which has a different training set. The
training sets are all based on the parity-three problem; one is
the the standard training set in Table I while the others extend
the standard training set. We train the four fuzzified neural
networks until they produce the same average total error. Then
we investigate how the size of training sets affects the inversion
by comparing the total errors of estimate inverses obtained
from each fuzzified neural network.

1) Training Fuzzified Neural Networks:To extend the
standard training set for the parity-three problem, we introduce
seven new rules in Table II, whereMid is a triangular fuzzy
number specified by . The parity-three problem
accepts the new rules if we considerMid as a fuzzy variable
whose value can be either ofOn andOff. We test four training
sets:
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Fig. 8. The results of inversion after 10 000 iterations.

Fig. 9. Estimate inverses in the adjusting scheme (b) after: 1) 5 iterations; 2) 50 iterations; 3) 500 iterations; and 4) 5000 iterations.

1) the standard training set;
2) the standard training set with the rule 15;
3) the standard training set with rules 9–14;
4) the standard training set with rules 9–15.

Note that the training set (4) includes any other training set.

For each training set, we construct a fuzzified neural network
in Fig. 1 such that . The
four fuzzified neural networks use the adjusting scheme (c) in
Section V-A.1 and initialize weight factors to triangular fuzzy
numbers specified by where is a random
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Fig. 10. Different estimate inverses for the target~T = (On) in the adjusting scheme (c).

TABLE II
NEW RULES FOR THEPARITY-THREE PROBLEM

real number in . We use and in (54)
for both learning and inversion.

Fig. 11 shows the progress of learning for 100 000 iterations
on each fuzzified neural network. The vertical axis denotes the
average total error of the whole training set. We use the average
total error instead of the sum of total errors because the sizes of
the training sets are all different. The learning times are propor-
tional to the sizes of the training sets: 1) 745.43 s; 2) 826.1 s; 3)
1269.3 s; and 4) 1352.61 s.

We expect that if we train a fuzzified neural network with
a new training set extended with additional rules, it results in
greater average total errors than the original training set after
a sufficient number of iterations; the more rules a training set
has, the harder it is to learn. This is exemplified by the av-
erage total errors at the 100 000-th iteration in Fig. 11: 1)

; 2) ; 3) ; and
4) . For example, the training set (4), which in-
cludes any other training set, produces the greatest average total
error at the 100 000th iteration. The training set (2) produces a

Fig. 11. The progress of learning on each fuzzified neural network.

greater average total error than the training set (3), which has
more rules, but we cannot compare training sets (2) and (3) by
their average total errors because neither of them includes the
other. Instead it implies that the rule 15 is harder than rules 9–14
for a fuzzified neural network to learn in addition to those in the
standard training set.

To investigate the effect of training sets on the inversion, we
compare estimate inverses in terms of accuracy by their total er-
rors. Before comparing estimate inverses from fuzzified neural
networks with different training sets, the fuzzified neural net-
works must learn their training sets equally accurately, not for
the same number of iterations. The average total error is a mea-
surement about how accurately a fuzzified neural network learns
its training set; hence, the fuzzified neural networks for the ex-
periment must have the same average total error.
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TABLE III
DISTRIBUTION OF THETOTAL ERRORS OFESTIMATE INVERSES

TABLE IV
SUMMARY OF THE TOTAL ERRORS OFESTIMATE INVERSES

Fig. 12. The membership functions ofNewOn andNewOff which are
used for the targets of training sets (1), (2), and (3). The fuzziness ofNewOn
andNewOff: (1)> (2)> (3).

The fuzzified neural network with the training set (4) has the
greatest average total error at the 100 000th it-
eration. We train the other three fuzzified neural networks until
their average total errors become less than or equal to: 1)

at the 369-th iteration; 2)
at the 747-th iteration; and 3) at the 618th
iteration. Now the four fuzzified neural networks have approx-
imately the same average total error and can be used in com-
paring estimate inverses.

2) Comparing Estimate Inverses:A test case of inversion
is specified by a target and initial values of the total inputs in

TABLE V
RESULTS OFLEARNING ON THETWELVE FUZZIFIED NEURAL NETWORKS

the input layer. We use 432 test cases of
inversion; the target is eitherOn or Off, and Net Net ,
and Net are initialized toA B C D E, or F. The six
fuzzy numbers are all triangular fuzzy numbers specified by
A B C D

E F .
In each test case, we compute four estimate inverses through

10 000 iterations of inversion on the above fuzzified neural net-
works. Table III shows the distribution of the total errors of the
432 estimate inverses from each fuzzified neural network. Each
column gives the numbers of estimate inverses whose total er-
rors are in the corresponding range. Table IV summarizes the
total errors. Trimmed means are computed from those total er-
rors less than 0.1 for each fuzzified neural network.

The mean from the training set (1) is greater than those from
training sets (2), (3), and (4), all of which extend the training set
(1). The means from training sets (2) and (3) are, however, less
than that from the training set (4) although it extends training
sets (2) and (3) with rules 9–14 and the rule 15, respectively;
if we extend a training set with new rules which refine on the
existing rules, the new training set can result in more accurate
estimate inverses, but if the new rules are hard to learn in ad-
dition to the existing rules, the new training set may result in
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TABLE VI
DISTRIBUTION OF THETOTAL ERRORS OFESTIMATE INVERSES

less accurate estimate inverses. Note that the training set (2) ex-
tends the training set (1) only with the rule 15 and yet results
in the least mean of total errors. Thus, even if a training set has
no contradictory rules, its size does not determine the quality of
estimate inverses measured by their total errors.

The above analysis uses only the means of total errors and
thus deals with the representative estimate inverses of the four
fuzzified neural networks. If we obtain a poor estimate inverse
with a relatively large total error, we can discard it and compute
another estimate inverse using new initial values of the total in-
puts in the input layer. Therefore, the distribution of total errors
and such measurements as minimum and trimmed mean, which
use the total errors of estimate inverses computed in favorable
test case, are more appropriate than the mean alone to inves-
tigate the effect of training sets on the inversion in a practical
perspective.

The trimmed means indicate that the training set (4) produces
estimate inverses with smaller total errors on average than the
training set (3), which is included by the training set (4). Note
that the training set (4) gives the least minimum of total er-
rors and that only the training set (4) produces estimate inverses
whose total errors are less than 0.001; we can obtain the most
accurate estimate inverses from the training set (4), not from the
training set (2), if we are allowed to use a sufficient number of
test cases. Therefore, although extending a training set with new
rules which refine on the existing rules does not always result
in more accurate estimate inverses on average, we may obtain
more accurate estimate inverses from the extended training set
in best cases as long as the new rules do not contradict the ex-
isting rules.

C. Experiment 3: Effect of the Fuzziness of Inputs and Targets
on the Inversion

In this experiment, we test three new training sets for the
parity-three problem which are obtained by changing the fuzzi-
ness of the targets in Table I while keeping the inputs unmod-
ified. We train four fuzzified neural networks for each training
set. Then we compare the total errors of estimate inverses from
the three training sets to investigate how the fuzziness of inputs
and targets of training sets affects the inversion.

1) Training Fuzzified Neural Networks:The inputs and the
targets of the training set in Table I have the same fuzziness
because both the inputs and the targets use fuzzy numbersOn
andOff. To obtain training sets (1), (2), and (3) for the parity-
three problem whose targets have different fuzziness from their
inputs, we substitute fuzzy numbersNewOn andNewOff in
Fig. 12 for the targetsOn andOff in Table I, respectively, while
still using On and Off for the inputX X X X . The

TABLE VII
SUMMARY OF THE TOTAL ERRORS OFESTIMATE INVERSES

targets of the training set (1) have the greatest fuzziness, and
those of the training set (3) have the least fuzziness.

For each of training sets (1), (2), and (3), we construct four
different fuzzified neural networks in Fig. 1 such that

. All the fuzzified neural networks use
the adjusting scheme (c) in Section V-A.1 and initialize weight
factors to triangular fuzzy numbers specified by

where is a random real number in . We use
and in (54) for both learning and inversion.

We train the twelve fuzzified neural networks until their av-
erage total errors become less than or equal to
in Experiment 2. We use in Experiment 2 in the termination
condition of learning so that we can compare the result of inver-
sion for the training set (1) in Experiment 2 with those for the
training sets in this experiment. Table V shows the number of it-
erations and the average total error after learning for each fuzzi-
fied neural network. From Table V, we see that as the fuzziness
of the targets of the training set decreases, it tends to take more
iterations of learning for a fuzzified neural network to reach a
specific average total error.

2) Comparing Estimate Inverses:For each training set, we
use 432 test cases of inversion; the target is
either ofNewOn andNewOff which are the the targets of the
training set, andNet Net , andNet are initialized as in
Experiment 2. We present these test cases to the four fuzzified
neural networks and obtain 1728 estimate inverses
through 10 000 iterations of inversion. Table VI shows the dis-
tribution of the total errors of the 1728 estimate inverses from
each training set. Table VII summarizes the total errors.

We assume that the fuzziness of the initial values ofNet
Net , andNet does not affect the inversion because estimate
inverses are obtained through a sufficient number of iterations
of inversion.

From Tables VI and VII, we see that the mean of total errors
is approximately proportional to the fuzziness of the targets of
the training set. For example, the training set (1), whose targets
have the greatest fuzziness, yields the greatest mean of total er-
rors. In contrast, the standard deviation of total errors is approx-
imately inversely proportional to the fuzziness of the targets of
the training set. For example, the training set (3), whose targets
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have the least fuzziness, has its total errors distributed in a rela-
tively wide range. These observations imply that if the fuzziness
of the targets of the training set decreases, we can get more ac-
curate estimate inverses on average, but we may have to make
more attempts in order to obtain an estimate inverse satisfying
a given criterion because the quality of the computed estimate
inverses is less stable.

Note that the result of inversion for the training set (1) in Ex-
periment 2, whose inputs and targets have the same fuzziness,
conforms to the above observation though it uses only 432 es-
timate inverses; the fuzziness of the targets, the mean of total
errors (0.017 851 6), or the standard deviation of total errors
(0.029 464 1) from the training set (1) in Experiment 2 are all
between those from training sets (2) and (3) in this experiment.
This observation implies that the mean and the standard devia-
tion of total errors are affected more strongly by the fuzziness
of the targets than by the difference of fuzziness between the
inputs and the targets of the training set.

VI. CONCLUSION

We described the architecture of fuzzified neural networks
with fuzzy input signals and fuzzy weight factors. We pre-
sented a general framework of learning algorithms of fuzzified
neural networks and derived adjusting schemes for fuzzy
variables from existing learning algorithms which fit into this
framework. We formulated the inversion algorithm of fuzzified
neural networks which applies the adjusting scheme for fuzzy
variables to the total inputs in the input layer. We compared
three adjusting schemes for fuzzy variables with respect to
their effect on the learning and inversion of fuzzified neural
networks. Experimental results showed that the quality of
estimate inverses depends on adjusting schemes. We showed
that the size of training sets does not determine the quality of
estimate inverses on average even if they have no contradictory
rules, but that we may obtain more accurate estimate inverses
in best cases if we extend a training set with new rules which
refine on the existing rules. We showed that the quality of
estimate inverses is more strongly affected by the fuzziness
of the targets than by the difference of fuzziness between the
inputs and the targets of the training set.

A crisp or fuzzified neural network can be viewed as a math-
ematical model for brain-like systems. The learning process in-
creases the sum of knowledge of the neural network by im-
proving the configuration of weight factors. In this point of view,
the inversion may be compared to retrieving the knowledge ac-
cumulated in an artificial brain.

The inversion of fuzzified neural networks has several appli-
cations. For example, a fuzzy controller system implemented
with fuzzified neural networks can benefit from the inversion
in finding control signals for desired operations. The reliability
of fuzzy systems based on fuzzified neural networks can also
be examined by the inversion; we can measure indirectly how
much knowledge they have or how much amount of learning
they have performed. In future works, we investigate the appli-
cability of the inversion of fuzzified neural networks to practical
problems.

APPENDIX

CALCULATION OF PARTIAL DERIVATIVES

ConsiderW , the weight factor of the neuronin the layer
for the neuron in the layer

. With W becomes , the bias for
the neuron in the layer . For W , we have the following
relation for the level from the chain rule:

W Net

Net

W Net

Net

W
(57)

W Net

Net

W Net

Net

W
(58)

SinceO satisfies

O O (59)

we obtainNet as

Net

W

W O

W

W O (60)

Net

W

W O

W

W O (61)

where ranges from 0 to . From (60)–(61), we have

Net

W

Net

W
(62)

Then (57)–(58) are rewritten as

W Net

Net

W
(63)

W Net

Net

W
(64)

For the neuron in the layer , we define two new terms
and , which are called error signal, as

Net
(65)

Net
(66)
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Using (65)–(66), we obtain

W

Net

W
(67)

W

Net

W
(68)

The calculation of Net W and Net W de-
pends onW . We have three situations ofW

1) W W

Net

W
O

Net

W
O (69)

2) W W

Net

W
O

Net

W
O (70)

3) W W

Net

W
O

Net

W
O (71)

The calculation of partial derivatives and depends
on . We consider two cases of, one for the output layer and
the other for hidden layers.

A. Output Layer

Each component of the targetT T T T
is treated as a constant fuzzy number. To compute

, we apply the chain rule to (65) as

Net

O

O

Net

e O T

O

Net

Net
e O T

O
O O (72)

where is the standard sigmoidal function. The rela-
tion is used in computing

Net Net . In a similar way, we write

e O T

O
O O (73)

The calculation of and , thus, depends on the cost
functione . For example, the cost functione in (23) gives

T O O O (74)

T O O O (75)

The cost functione in (24) gives

T O O O (76)

T O O O (77)

B. Hidden Layer

and , are obtained after the layer
is processed by calculating and

. Specifically we apply the chain rule to (65) as

Net

O

O

Net

Net

Net

O

Net

Net

O

O

Net

W
Net

Net

O

W
Net

Net

O

O

Net

W

W

W

W O

O (78)
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Similarly, we obtain

W

W

W

W O

O (79)

In this manner, error terms and are backprop-
agated to the layer.
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