Chapter 1

Evaluation contexts

This chapter presents an alternative formulation of the operational semantics for the simply typed A-
calculus. Compared with the operational semantics in Chapter ??, the new formulation is less complex,
yet better reflects reductions of expressions in a concrete implementation. The new formulation is a basis
for an abstract machine for the simply typed A-calculus, which, like the Java virtual machine, is capable of
running a program independently of the underlying hardware platform.

1.1 Evaluation contexts

Consider the simply typed A-calculus given in Chapter ??:

type A = P|A-A

base type P == bool

expression e == x|Ax:A.el|ee|true]false|if etheneelsee
value v u= Ax:A.e]|true]false

A reductionjudgment e — ¢’ for the call-by-value strategy is defined inductively by the following reduction
rules:

! /
e1 — e} eg > €l
———— Lam Ar A
e1 ex— €] ea (Ax:A.e)es— (Ax:A.e) e J (Ax:A.e)v— [v/x]e bp
e e I
if e then e; else e; — if €’ then e else ey
- I . I
if true then e; else ey — €3 [ true if false then e; else e5 — €9 [ fase

Since only the rules App, If .., and If, . have no premise, every derivation tree for a reduction judgment
e — ¢ must end with an application of one of these rules:
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Thus the reduction of an expression e amounts to locating an appropriate subexpression (Az:A.e") v,
if true then e; else ey, or if false then e; else e; of e and applying a corresponding reduction rule.
As an example, let us reduce the following expression:

e = (if \z:A.¢")vthene; elsees) e

The reduction of e cannot proceed without first reducing the underlined subexpression (Az: A.e”) v by the
rule App, as shown in the following derivation tree:

App

Ax:A.e") v [v/z]e”
if (A\x:A.e”)vthene;elseey— ---

If

(if (A\x:A.e”)vtheneselsees) e +— ---

Lam

Then we may think of e as consisting of two parts: a subexpression (Az: A.e”) v which actually reduces to
another expression [v/z]e” by the rule App, and the rest which remains intact during the reduction. Note
that the second part is not an expression because it is obtained by erasing the first part from e. We write it
as (if O then e else e3) ¢’ where the hole O indicates the position of the subexpression that has been erased,
or equivalently, the subexpression to be reduced in the next step.

We refer to an expression with a hole in it, such as (if O then e; else e2) €, as an evaluation context. The
hole indicates the position of a subexpression to be reduced by the rule App, If . e, O If s in the next step.
Note that we may not use the rule Lam, Arg, or If to reduce the subexpression, since none of these rules
reduces the whole subexpression in a single step.

Since the hole in an evaluation context indicates the position of a subexpression to be reduced in the
next step, every expression is decomposed into a unique evaluation context and a unique subexpression
under a particular reduction strategy. For the same reason, not every expression with a hole in it is a valid
evaluation context. For example, (e e2) O is not a valid evaluation context under the call-by-value strategy
because given an expression (e; e2) €/, we have to reduce e; e; before we reduce e’. These two observations
show that a particular reduction strategy specifies a unique inductive definition of evaluation contexts. The
call-by-value strategy results in the following definition:

evaluation context k = 0O|ke|(Ax:A.e)k|if ktheneelsee

k e is an evaluation context for e’ e where ¢’ needs to be further reduced; (Az: A. €)  is an evaluation context
for (Az: A.e) ¢ where ¢’ needs to be further reduced. Similarly if « then e; else es is an evaluation context
for if €’ then e; else e; where €’ needs to be further reduced.

Let us write s[e] for an expression obtained by filling the hole in x with e. Here are a few examples:

Of(Az:A.e”)v] = (Az:A.e")v
(if O then ey else e2)[(Az:A.e”)v] = (if (A\x:A.€e”) v then e; else e3)
((if O then ey else e2) € )[(Az:A.e”)v] = (if (Az:A.€"”) vthene; else eq) €

A formal definition of x[e] is given as follows:

Ofe] = e
(rele] = rwlele
(\x:A.e) Iﬂ;[[e]] = (Az:A.€)k]e]

(if K then e; else ex)[e] = if k[e] then e else eo

Now consider an expression which is known to reduce to another expression. We can write it as x[e]
for a unique evaluation context £ and a unique subexpression e. Since x[e] is known to reduce to another
expression, e must also reduce to another expression ¢’. We write e 4 €’ to indicate that the reduction of
e to € uses the rule App, If e, OF If,se. Then the following reduction rule alone is enough to completely
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evaluation context k == O|ke|(Ax:A.e)k|if Ktheneelsee

(Az:A.e)v +—g [v/x]e
if truethenej elsees —3 e
if false thene; elseey +—g €3
e—ge
—————— Red
kle] — k[e’] f

Figure 1.1: Call-by-value operational semantics using evaluation contexts

evaluation context Kk u= Ol|kelif Ktheneelsee

(Mx:A.e) e —pg [e/x]e
if true thene; elsees +—3 e
if false thenej elseey —3 e
/
e =3 e
————— Red
ale] — ale]

Figure 1.2: Call-by-name operational semantics using evaluation contexts

specify a reduction strategy because the order of reduction is implicitly determined by the definition of

evaluation contexts:
e—ge

kle] — k[e’]

The reduction relation g is defined by the following equations:

Redg

(Az:A.e)v —g [v/x]e
if truethenej elsees =3 e
if false thene; elseey =g €3

Figure 1.1 shows how to use evaluation contexts to specify the call-by-value operational semantics for
the simply typed A-calculus. In order to obtain the call-by-name operational semantics, we only have
to change the inductive definition of evaluation contexts and the reduction relation +—4 , as shown in
Figure 1.2.

1.2 Extensions to the simply typed \-calculus

With a proper understanding of evaluation contexts, it should be straightforward to incorporate those re-
duction rules in Chapter ?? into the definition of evaluation contexts and the reduction relation +—4. The
reader is encouraged to try to augment the definition of evaluation contexts and the reduction relation —g3.
See Figures 1.3 and 1.4 for the result.

1.3 Type safety

As usual, type safety consists of progress and type preservation:
Theorem 1.1 (Progress). If - - e : A for some type A, then either e is a value or there exist e’ such that e — ¢'.

Theorem 1.2 (Type preservation). IfT't-e: Aand e — €', thenT'- e’ : A.
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evaluation context kou= | (kye) | (v,R) | fst k| snd & |
inlg k|inrga k| case kof inlz.e|inrz.e

fst (vi,v2) g v1
snd (v1,v2) +—pg U2
caseinlgvofinlzy.er |inrzo.ea g  [v/x1]er
caseinrq vofinlzy.er |inrzo.ea g [v/xg]eg
fixz:A.e g [fixx:A e/z]e

Figure 1.3: Extension for the eager reduction strategy

evaluation context Kk u= - |fstk|sndk|casekofinlz.e|inrz.e

fst (e1,e2) +—p e1
snd (e1,e2) g €2
caseinlg eof inlzy. ey |inrzg.ea g [e/z1]es
caseinrg eof inlzi.eq |inrzg.ea  —p [e/zg}eQ
fixx:A.e g [fixz:A e/zle

Figure 1.4: Extension for the lazy reduction strategy

Since the rule Red 3 uses not only a subexpression of a given expression but also an evaluation context for
it, the proof of type safety requires a new typing judgments for evaluation contexts. We writeI' s : A = C
to mean that given an expression of type A, the evaluation context x produces an expression of type C"

I'Fr:A=C < ifTke: A thenT F kle] : C

Wewritex: A= Cfor-Fr: A= C.
The following inference rules are all admissible under the above definition of I' - x : A = C. That is,
we can prove that the premises imply the conclusion in each inference rule.

I'trk:A=B—C TtFe:B
I'to:A= A I'Frke: A= C

' :B.e:B—C T'Fk:A=B
'F(Ax:B.e)k:A=C

I'tk:A=bool T'ke;:C Thkey:C If
T'tif kthenejelseey: A = C ctx

Lamcey

A rgctx

Proposition 1.3. The rules Octyx, Lameix, Argey,, and If iy are admissible.
Proof. By using the definition of I' - x : A = C. We show the case for the rule Lamc.
'rk:A=B—-C T'Fe:B

Case I'Fke: A= C Lames.

I'Fk:A=B—CandTFe:B assumptions
'ke': A assumption
I'+kle]: B—-C fromT’'Fr: A= B—CandT'Fe: A
T'kxle]e:C by the rule —E
'k (ke)e]:C from x[e'] e = (k e)[€']
I'Frke:A=C fromT'Fe' : AandTF (ke)[e’] : C

O
The proof of Theorem 1.1 is similar to the proof of Theorem ??. The proof of Theorem 1.2 uses the
following lemma whose proof uses Lemma ??:
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Lemma14. IfTF xfe] : C, thenT Fe: Aand Tk K : A = C for some type A.

Proof. By structural induction on x. We show the case for k = £’ €’.

Casek =K' ¢

Tk xle]: C assumption
Tk (k'[e]) e : C kle] = (x'[e]) €
I'k'[e] : B—Cand T ¢ : B for some type B by Lemma ??
I'e:Aand '+ &' : A= B—C for some type A by IH on «’
T'Fr e :A=C by the rule Lamc
'Fk:A=C O

Exercise 1.5. Prove Theorems 1.1 and 1.2.

1.4 Abstract machine C

The concept of evaluation context leads to a concise formulation of the operational semantics, but it is not
suitable for an actual implementation of the simply typed A-calculus. The main reason is that the rule Redg
tacitly assumes an automatic decomposition of a given expression into a unique evaluation context x and
a unique subexpression e, which may in fact require an explicit analysis of the given expression in several
steps. For example, in order to rewrite

e = (if (A\z:A.€") v then e else e3) €
as ((if O then eq else e3) €’)[(Az: A.€”) v], we would analyze e as follows:

af(if (Az:A.e") vthen e else eg) €']
= (Oé€)[if (Ax:A.e") v then e; else eq]
((if O then e else e2) € )[(Ax: A.€e”) V]

e

The abstract machine C is another formulation of the operational semantics in which such an analysis is
explicit.

Roughly speaking, the abstract machine C replaces an evaluation context by a stack of frames, where each
frame corresponds to a specific step in an analysis of a given expression:

frame ¢ == DOe|(Ax:A.e)O]if Othene; else ey
stack o == 0O|o;¢

Frames are special cases of evaluation contexts which are not defined inductively. Thus we may write ¢[e]
for an expression obtained by filling the hole in ¢ with e. A stack of frames also represents an evaluation
context in that given an expression, it determines a unique expression. To be specific, a stack ¢ and an
expression e determine a unique expression o[e] defined inductively as follows:

Ofe] = e
(0:0)[e] = ofglel]
If we write o as O; ¢1; @2; - - - ; ¢y, for n > 0, o[e] may be written as

O[¢1l¢a[- - - [#nlell -- 111

Note that the top frame of a stack o; ¢ is ¢; the bottom of a stack is always 0.

A state of the abstract machine C is specified by a stack ¢ and an expression e, in which case the machine
can be thought of as reducing an expression o [e]. In addition, the state includes a flag to indicate whether e
needs to be further analyzed or has already been reduced to a value. Thus we use the following definition
of states of the abstract machine C:

state s = owe|loc4av
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e o » e means that the machine is currently reducing o[e], but has yet to analyze e.
e 0 <4 v means that the machine is currently reducing o[v] and has already analyzed v.

If an expression e evaluates to a value v, the initial state of the machine would be O » ¢ and the final state
O «v.

A state transition in the abstract machine C is specified by a reduction judgment s —¢ s’; we write —¢
for the reflexive and transitive closure of —¢. The guiding principle for state transitions is to maintain the
invariant that e —* v holds if and only if o B ¢ —¢ o € v holds for any stack o. The rules for the reduction
judgment s —c s’ are as follows:

oP»V—CcOo 4V Valc

Lamc Argc

ow e ey—co;des B ey o;0e; aAz:A.e—co;(Ax:Ae)Ow ey

A
o;(A\x:A.e) 0 qvi—cow [v/z]e Pbe

If

o » if ethen eq else e5 ¢ o;if Otheneq elsees B e

IftrueC

o;if O then e; else eo € true —¢c o » €3

- 1
o;if O then ey else eo 4 false —¢c o B €9 Ftatec

An example of a reduction sequence is shown below; note that it begins with a state O » e and ends with a
state O <« v:

O » (if (Az:bool. ) true then Ay:bool.y else Az:bool. z) true Lamc
¢ O;0true » if (Ax:bool. x) true then Ay:bool. y else Az:bool. z If
¢ O; O true;if O then Ay:bool. y else Az:bool. z » (Az:bool. x) true Lamc

—c O; 0 true;if O then Ay:bool.y else Az:bool. z; O true » Az :bool. Valc
—c O;0 true; if O then Ay:bool.y else A\z:bool. z; O true € Az :bool. z Argc
—c O; 0 true; if O then Ay:bool.y else Az:bool. z; (Az:bool.z) O » true  Valc
¢  O; 0 true; if O then Ay:bool.y else Az:bool. z; (Az:bool.z) O <« true Appc

—c O;0 true; if O then Ay:bool.y else A\z:bool. z » true Valc
—c O; 0 true; if O then Ay:bool.y else A\z:bool. z « true If cruec
—c O;0true » Ay:bool.y Valc
—c [O;0true € Ay:bool.y Argc
—c  O; (Ay:bool.y) O » true Valc
—c  O; (Ay:bool.y) O « true Appc
—c O » true Valc

—c O «true

1.5 Correctness of the abstract machine C

This section presents a proof of the correctness of the abstract machine C as stated in the following theorem:
Theorem 1.6. ¢ —* vifand only if O » e —¢ O <.

A more general version of the theorem allows any stack ¢ in place of O, but we do not prove it here. For
the sake of simplicity, we also do not consider expressions of type bool altogether.

It is a good and challenging exercise to prove the theorem. The main difficulty lies in finding several
lemmas necessary for proving the theorem, not in constructing their proofs. The reader is encouraged to
guess these lemmas without having to write their proofs.
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The proof uses a generalization of x[-] and o[-] over evaluation contexts:

o] = &
(wols] = wl]e
(Ax:A.e) k)[s'] = (zx:A.e)k[<]

o] = «

(@;9)[s] = olslx]]
Note that x[x'] and o[x] are evaluation contexts.
Proposition 1.7. «[x'[e]] = &[<][e]

Proof. By structural induction on x. We show two cases.

Case k = O:

O["[el] = #'[e] = O[~][e]

Case k = K" €'

(" W Iel] = IR Tel] ¢ = &I T[el € = (' ['] €")[el = (" ") [ ][] =
Proposition 1.8. o[x[e]] = o[x][e].

Proof. By structural induction on . The second case uses Proposition 1.7.

Case o = 0O:

Ofx[e]] = «le] = olx][el-

Case o =0o'; ¢:
(o';9)[slel] = o'[¢lx[el]] = o'[o[x][e]] = o’[6[x]1le] = (o' @) [x][e]- N

Lemma 1.9. For o and k, there exists o’ such that o » k[e] —¢ o’ » e and o[[k] = o'[O] for any expression e.

Proof. By structural induction on «. We show two cases.

Case k = 0O:
Weleto’ =o.

Caserk =K' e":

ow (Ke)e]=0w Ke] e —co;Oe »r]e] by the rule Lamc
o;0¢€ » K'e] —=¢ o’ »eand (o;0¢€)[x'] = o'[O] by IH
olx] = olx" '] = o[(@ e)[]] = (o;0 &)[+'] = o’[O] O

Lemma 1.10. Suppose o[e] = &[f v] where f is a A-abstraction. Then one of the following cases holds:
(Dowe—co »r[fv]and o' [v] =k
(2)o=0;0vande= fando'[0] =k
Bo=0c;fOande=vando'[0] =k

Proof. By structural induction on 0. We show two cases.

Case o = [0:

ole] =e=k[f 7] assumption
owe=0w»K[fv]

D owe—cowks[fv]and O[] =&

Caseoc=c";0¢€":
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ole] = (o";0€)]e] = o'[(O€)[e]] = o'[e '] = [f v]
Subcase (1) o’ » e €’ ¢ o” » &'[f v] and 0" [K'] = &:

awee —coiOoe wega »r[f0]
M owe—cd”" »r[fv]and o”['] =k

o'=c"andee =K'[fv],and k¥ = 0O
e=fande =v
(2Qo=0;0vande= fand o'[0] = "[x'] =k

o' =c"andee =K'[fv],and k' = K" €
e=r"[fv]

D owe—gow "[fv]and

by IH on ¢’

assumption

assumption

assumption

O'[[KJN]] — (O_//; 0 6’)[[/{”]] — O_l/[[nll el]] — O—NHI{/]] =K

o' =c"andee =K'[fv],and k' = e K"
e is a A-abstraction and ¢’ = k" [f v]

LMowe=c;0¢ pe—co’;0e de—co’;eame =o'5enm &’[f v]

assumption

and (o’;e O)[k"] = o'[e "] = 0" [c'] = &

Subcases (2) and (3) impossible ee # fandee #v

O

Lemma 1.11. Suppose ofe] = &[f v] where f is a M-abstraction and fv g €. Then o » e —§ o* » e and

a*[e'] = &[e'].
Proof. By Lemma 1.10, we need to consider the following three cases:

Mowe—ia »r[fv]and o' [r] =&
owe ¢ o wRE[f]

—e d'wfu where ¢’[£'] = ¢”[0] by Lemma 1.9
—c o;gvef
—c o;0vaf
—c o fomw
—c o f0«aw
N X4

o"'[¢'] = o"[O[e]] = o"[Olle'] = o'[<'11e'] = [e]

Weleto* = o”.

2)c=0c;0vande= fand o'[O] = &
cwe = od;0uvef
—e o e

o'[¢'] = o'[O[¢]] = o'[O][€'] = #[e']

We let o* = ¢'.

B)o=0;foande=vando'[O] =&
owe = o;fawvw
—: a e

o'[¢'] = o'[Ble']] = o [S]e'] = Ale']

by Proposition 1.8

by Proposition 1.8

by Proposition 1.8
O

Weleto* =o'.

Corollary 1.12. Suppose e; — es and ole] = e;. Then there exist o' and €' such that o » e —¢ o’ » €' and
o'[e'] = ea.

8
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We leave it to the reader to prove all results given below.
Proposition 1.13. Suppose e —* vand o[[e’] = e. Then o » €' —¢ O < v.
Corollary 1.14. Ife —* v, then O » e —¢ O € v.

Proposition 1.15.
Ifow ersc o’ » e, then ofe] —* o'[¢].
Ifow ersc o’ 4, thenole] —* o'[v'].

Corollary 1.16.
Ifow e—ga » e, then ofe] —* o'[€].
Ifo» e—¢ o’ 4, then ofe] —* o' [V'].

Corollary 1.17. If O » e —¢ O € v, then e —* v.

Corollaries 1.14 and 1.17 prove Theorem 1.6.

1.6 Safety of the abstract machine C

The safety of the abstract machine C is proven independently of its correctness. We use two judgments to
describe the state of C with three inference rules given below:

e s okay means that s is an “okay” state. That is, C is ready to analyze a given expression.

e s stop means that s is a “stop” state. That is, C has finished reducing a given expression.

old :A=C -Fe:A ) o0 :A=C -Fov:A

Ok Oka
o » e okay » o 4 v okay Y
Fv:A
0O < v stop Stopq

The first clause in the following theorem may be thought of as the progress property of the abstract
machine C; the second clause may be thought of as the “state” preservation property.

Theorem 1.18 (Safety of the abstract machine C).
If s okay, then either s stop or there exists s’ such that s —c s'.
If s okay and s ¢ s, then s’ okay.

1.7 Exercises

Exercise 1.19. Extend the abstract machine C for product types, sum types, and the fixed point construct.

Exercise 1.20. Prove Theorem 1.18.
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